ON THE K PROPERTY FOR MAHARAM EXTENSIONS OF BERNOULLI 
SHIFTS AND A QUESTION OF KRENGEL 



Abstract. We show that the Maharam extension of a type III, conservative and non singular K 
BernouUi is a Tf-transformation. This together with the fact that the Maharam extension of a 
conservative transformation is conservative gives a negative answer to Krengel's and Weiss's questions 
about existence of a type IIoo or type IIIa with A 7^ 1 Bernoulh shift. A conservative non singular K, 
in the sense of Silva and Thieullen, Bernoulli shift is either of type IIi or of type IIIi . 



1. Introduction 

Let T be an invertible non singular transformation of the probability space {X, B, n). The Maharam 
extension T of T is a measure preserving transformation which is a skew product extension of T with 
the Radon Nykodym cocycle. It is well known that the Maharam extension is ergodic if and only 
if T is of Krieger type IIIi, see below. Here we show that in the case when T is a conservative non 
singular Bernoulli shift which satisfies the ET-property as in |ST| then the Maharam extension is a 
ET-transformation. Thus the Maharam extension is weak mixing in the sense that T x 5 is ergodic 
for every ergodic probability preserving transformation S and it has a countable Lebesgue spectrum. 

This type of non singular Bernoulli shifts was considered first in |Kre| where a shift without an 
absolutely continuous invariant probability was constructed. Later Hamachi in |Ham| constructed 
an ergodic shift without an absolutely continuous cr-finite invariant measure a.k.a type ///. Krengel 
|Kre| asked the question whether there exists a shift with an absolutely continuous invariant cj-finite 
measure but no such probability (a.k.a type IIoo)- The type III transformation can be further classified 
into orbit equivalence classes according to their ratio set. In |Kos| a Bernoulli shift which is of Krieger 
type nil was constructed. In a presentation of that result Benjy Weiss asked whether there are type 
III shifts of different Krieger types. As a corollary of the K property of the Maharam extension we 
get a dichotomy. Namely an ergodic non singular K Bernoulli shift is either of type IIi when the 
measure is equivalent to a stationary product measure or of type IIIi. 

The proof makes use of the fact that since the Radon Nykodym cocycle is measurable with respect 
to the (T-algebra i3|Q ^jw, the Maharam extension is the natural extension of a skew product of 
the one sided shift. Thus it is enough to show that the tail equivalence relation of the non invertible 
skew product is ergodic. This is done by showing that the tail equivalence relation of a^p is the orbit 
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equivalence relation of the Maharam extension of the odometer and proving that the odometer with 
the one sided measure is of type IIIi. 

One step in the proof that the corresponding odometer action is type IIIi is to show that for shift 
conservative product measures we have two subsequences — t- oo and — t- — oo for which 

lim Pn^ = lim P^fe- 

k-^oo k—^oo 

The question arises whether for conservative shifts the limit needs to exist? We give an example of a 
conservative shift with 

hm inf Pk (0) < hm sup Pk (0) , 

k~>oo k-^oo 

thus answering this question on the negative. 

Acknowledgments. I would like to thank my advisor Prof. Jon Aaronson for many valuable sug- 
gestions. I would also like to thank Prof. Ulrich Krengel for sending me a copy of Michael Grewe's 
master thesis. 



2. Preliminaries 

2.1. Non Singular Ergodic Theory. Let {X,B,fi) be a standard measure space. In what follows 
all equalities of sets are modulo the measure on the space. 

A measurable transformation T : X ^ X is non singular if fi and T^fi = fj.o are equivalent, 
meaning that they have the same collection of null sets. In the case when T is invertible there exists 
the Radon Nykodym derivatives 

T" (x) := (x). 

When T^:fi = we say that T is /i preserving or /i is T invariant. A transformation is ergodic if 
T~^A = A implies A G {0,X}. A set A £ B is wandering if {T~"A}^-|^ are disjoint. Denote by 
5!) the (measurable) union of all wandering sets, it's complement is denoted by t and is called the 
conservative part. . In the case where S) = X we say that T is dissipative. If C = X we say that T 
is conservative. By Hopf's theorem |Aa| Prop. 1.3.1.] 



(2.1) D = i X G a: : ^r"'(x) < oo 



n=l 

oo 



£ = ^xeX: ^r'^'(x) = oo|. 

An invertible transformation T satisfies the K-property if there exists a sub-cj algebra T <Z B such 
that T^^T C J", Pi T" J" = {0, X} and V^iT-^J" = B. If T is measure preserving and K then T 

nGZ 
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is either conservative or totally dissipative. This property remains true in the case of non singular 
Bernoulli shifts, see Lemma [5. II or |Gre| . 

A measure preserving transformation (y, Sy,z^, 5) is an extension of {X,Bx, l-i-iT) (equivalently T 
is a factor of X) if there exists a measurable map it : Y ^ X such that 7r~^Bx C By, vr o S* = T o vr 
and vr^z^ = fi. Given a non-invertible measure preserving transformation {X,Bx, fJ'jT), the natural 
extension of T is an invertible measure preserving transformation T which is minimal in the sense 
that 

v^^,n-^Bx = B^, 

where n : X ^ X is the factor map. 

2.2. Cocycles and skew product extensions. A function (/?:NxX— ;']R(orZxX— >]R when 
T is invertible) is a cocycle if for every n,m G N and almost every x G X, 

(2.2) ifn+mix) = (Pn{x) + ifm (T^x) . 

Given a function <^ : X — t- M we can define the cocycle 

Vn G N, ipn{x) = ip{x) + tpo T{x) + ■ ■ ■ + ip o r"-^(x), 
and the skew product extension : {X x R, Bx B^, /i x e^ds) of T with if by 

T^{x,y) := {Tx,y + ip{x)) . 

Definition. The set of essential values for (p is 

e(T, (yj) = {t E M : Ve > 0, E iBx)+ , 3n E N s.t. fi{An T-^'A n [|99„ - a| < e]) > 0} 

It follows from the cocycle equation (j2.2p that the set of essential values is a closed subset (under 
addition) of M and therefore it is of the form 0, {0}, {0} U aZ (a E M) or M. The skew product is 
ergodic if and only if T is ergodic and 6(5", 93) = M. 

We will be interested in the Maharam extension T which is the skew product extension of an 
invertible transformation T : {X,B,fi) O with (p{x) = logT'(x), the Radon-Nykodym cocycle. In the 
case when the Maharam extension is ergodic we say that T is of type IIIi (e (t, log ^) = M and 
T is ergodic). In the case where T is conservative and there exists a //— equivalent cr— finite invariant 
measure the essential value set is e ^T, log ^^^^^ = {0}. 

2.3. The tail and the orbital equivalence relation of a transformation. For a more detailed 
discussion of the contents of this subsection see |KM| . 

Let {X,Bx) be a standard measure space. An equivalence relation on X is a set TZ C X x X 
such that the relation x ~ ?/ if and only if (x, y) E 7?. is an equivalence relation. It is measurable if 



ON THE K PROPERTY FOR MAHARAM EXTENSIONS OF BERNOULLI SHIFTS AND A QUESTION OF KRENGEB 

IZ C Bx ® Sx ■ Given an equivalence relation TZ and a set A G Bx , the saturation of A is the set 

n{A) := \J R,, 

where TZx := {y ^ X : (x, y) G R} . Given a measure fj, on X, we say that TZ is fi—ergodic if for each 
A £ Bx, 

n{A) G {9,X}mod m. 

An equivalence relation is finite (respectively countable) if for all x £ X, TZx is a finite (countable) 
set. It is hyperfinite if there exists an increasing sequence of finite subequivalence relation Ei C E2 C 
■ ■ ■ C TZ such that 

00 

n=l 

Given a non singular non-invertible transformation (X, Bx , v, S) we define the orhit equivalence 
relation o\\ X x X 

ns := {(2/1,2/2) eXxX: G N, = 5"*2/2} • 

and the tail relation, which we denote by T{S), by 

nS) = {(yi, y2) : 3n G N, S^yi = ^"ys} ■ 

A transformation is exact if for all A £ B, 

T{S)a G {0, Y} modu 

By I We I ISIS] an equivalence relation is hyperfinite if and only if it is an orbit relation of a non singular 
transformation. Since Ts C TZs and TZs is hyperfinite we have that Ts is hyperfinite. Therefore there 
exists a non-singular transformation Voi of {Y,By, 1^), which we call the tail action of S, such that 

nv = Ts. 

It follows that S is exact if and only if V is ergodic. 

A function : 7^ — )• M is an orbital cocycle if for every x,y,z G X in the same equivalence class of 

7^, 

(p{x,y) = ip{x,z) +ip{z,y). 

To every function : X — )■ M corresponds an orbital cocycle Lp on Ts (notice that the sum is actually 
a finite sum) defined by 

00 

^ {yi,y2) := W (S^'yi) - V (^"2/2)} , {yi, 2/2) G T{S). 

n=0 
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and the T^-y-cocycle ^p defined by 

The fohowing fact shows that the skew product S^p is exact if and only if is ergodic where V is 
the tail action of 5 and ip is its corresponding cocycle. 

Fact 2.1. |ANS| Le^ (y, By, J^, S) be a non singular and non-invertible transformation and (Y, By, i^, V) 
its associated tail action. Let ip -.Y be a function and ip the corresponding IZy cocycle. Then 

2.4. The Zero Type property and dissipative transformations: Given two measures on {X, B) 
we can define the Hellinger Integral |Kakl IKos] by 

where A is any measure on X such that ly <^ X and // <C A. 

If T is a non singular transformation of {X, B, fi) then since T"^ ~ we have 



p{n):=p{is,T:is)= ^Tn'{x)dp{x). 



X 

A transformation is Zero- Type (a.k.a. mixing) if the maximal spectral type of its Koopman operator 
defined by 

V/gL2(X,^), UTf:=VT-foT 
is a Rajchman measure. This is equivalent to the condition: For every f,g £ L^(X, /i), 



/ U^f-gdfi ^0. 

Jx 



Note that when T is probability preserving one needs to restrict the class of functions to L'^{X, /i) 0C. 
The following proposition is standard. 

Proposition 2.2. Given a non singular transformation {X,B, fj,,T), the following are equivalent: 

(1) T is zero-type. 

(2) lim p(^,T» =0. 

(3) T" tends to Q in p measure. That is for every e > 0, 

> e) > 0. 



/ n — ?Lxj 

The next lemma will be used to get a necessary criterion for conservativity of Bernoulli shifts. 

oo 

Lemma 2.3. If {X,B, fi,T) is zero type and p (/x, T^fi) < oo then T is dissipative. 



n=l 
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Proof. Since 



>i)< [ vWdfi = p{fi,T:fi) 



and the right hand side is summable, it fohows from the Borel Cantelh lemma that for almost every 
X € X there exists N{x) G N such that for every n > N{x), 



(x) < •\/T"'(x) < 1. 
In addition the summability condition on p (p, T'^p) ensures that 

oo 

VT"' < oo a.e dp. 

n=l 

Therefore by comparison of sums we have that 



T" {x) < oo a.e. dp 



n=l 



and so T is dissipative. 



□ 



3. Half stationary Bernoulli Shifts 

3.1. Non Singular Bernoulli Shift. Let X = {0, 1}^,B = Bx , X+ = {0, 1}^ and = Bx+- We 
will write a for the one-sided shift on X^ and T for the full shift on X. 

oo 

A product measure P = Pk &V {X) is half stationary if there exists p G (0, 1) such that 

k=—oo 

for all A; < 0, 

Pfc(0) = l-Pfc(l)=p. 

We will consider the case p = ^. The case of general p being similar. 
Thus the general form of a half stationary product measure (with p = ^) is 

(3.1) Pfc(O) = 1 - Pk{l) = { 



A; G N 



i A: < 
where Oj G ( — 1, 1). 

oo 

Let -P"^ = n -^'^ denote the measure of P restricted to X~^. If P is half stationary, then the 
fc=i 

full shift T is the natural extension ,m the sense of Silva and Thieullen |ST| . of the one sided shift 

[X+,B,P+ = ll Pk,o- . Since by Kolmogorov's 0—1 Law the one sided shift is exact, the fuh shift 
V k=i / 
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is a A'-transformation. Conversely every i^-BernouUi shift such that T' is measurable is a shift 
with a half stationary measure. We call such transformations non-singular A-shifts. 

The following gives conditions on the product measures so that the shift is non singular and ergodic. 



Theorem 3.1. Let P he of the form Then 

(1) The shift {X, B, P,T) is non singular if and only if for all n € N, \an\ 7^ 1 and 

(3.2) ^ (v^7yO)-/FWO)) +(\/7Ml)-/fWl)) <oo. 

fc=0 



(2) For every n G N, 



T"'(x)=^^(x)=n^'""^'''^ 



(3) // the shift is conservative then it is ergodic. 

(4) There is an absolutely continuous invariant probability if and only 

00 

a| < 00. 

k=l 

(5) There exists constants c, C > such that 

(3.3) c-d{P, T^P) < - log {p {P, T^P)) <C-d{P, T^P) 

where 

d ( n n Q = ^ I ( " ^^^) ' + ( " ^^^) T 

Proof. (1) and (2) follow from Kakutani's Theorem, |Kak| on equivalence of product measures. Parts 
(3) and (4) are in |Kre| . (5) is an observation of Kakutani. □ 

3.1.1. The Odometer as the tail action of the shift. We will also consider the odometer action r on 
X'^ given by 









\ n~times / 




\ n— times / 



The odometer and the one sided shift satisfy 

nr = Ta. 

A calculation shows that 
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where 

cj){x) := min{n > 1 : x„ = 0} . 

The odometer satisfies the so called Odometer Property, which states that for every G N and 
X e X+, 

{({r^x) ^ , {r^x) ^ , . . . , (r^x) J : = 0, 1, 2^ - l} = {0, 1}^. 
Using this fact one shows that for every n G N, 

(3.4) t(2")'(x) = r'oa"(x). 

This can also be deduced from the fact that for all n G N and j G {1, .., n}, 

This property plays a crucial role in calculating the essential values of the odometer action. See the 
proof of Lemma 13.41 below. 

3.2. Statement of the main theorem and the Answer to Krengel's question. 

Theorem 3.2. For every {X,B,P,T) a conservative and non singular ET-shift without an absolutely 
continuous invariant measure the Maharam extension is a i^T-transformation. 

As a corollary we get a negative answer to Krengel's question for non singular X-shifts. 

Corollary 3.3. A conservative, ergodic, K—non singular Bernoulli shift is either of type IIIi or type 
III. 

Proof. Assume that there exists no a.c.i.p. By Maharam's theorem, the Maharam extension is con- 
servative and by Theorem 13.21 it is K cj-finite measure preserving transformation. Therefore by |Par| 
it is ergodic and so the shift is of type I Hi. □ 

3.3. The proof of Theorem 13. 2L By Theorem [21 the Radon-Nykodym cocycle '{){x) := \ogT' (x) is 
measurable. 

It follows that the Maharam extension of T is the natural extension of the skew product 
(A^ X M, B'^ (8) -Br, P^ <Si e^ds, a^p) . Since a transformation is K if and only if it is a natural extension 
of an exact transformation, in order to show that the Maharam extension of the two sided shift is K, 
we will show that the skew product extension o"iogT' is exact. 

This will be done in two steps. First we show that the odometer (X^ , B^ , P^ ,t) is of type IIIi 
and then we show that 

T(cTiogr') =T^{nogT'), 

thus the tail action is ergodic. 
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Lemma 3.4. Let P be as in (j3.ip . If the shift is conservative and there exists no a.c.i.p then: 

(1) There exists a subsequence {a„^} such that lim a^j, = 0. 

(2) The odometer (X+,^+,P+,r) is of type IIIi. 



Proof. Denote by 

21 = < a G M : Bn^ — )• oo, a^j, > a 

the set of limit points of the sequence {a„,}. 

(1) Assume that ^ 21. We wih show that then X^J^^ p {P, T^P) < oo and so by Lemma [2.31 T is 
dissipative. 

Since is not a hmit point of {an}, there exists an e > and G N such that for ah i > N, 



(3.5) r-^-r,> ' 

Therefore for every n > N, 



n 

i=N 
n 

E 



i=N 

n ' 2 



i=N 

The last equality follows from the fact that Pk = ^) for k G Z\N. Therefore by (|3.5p we have that 

d{P,T:P) >{n-N)e\ 



The conclusion follows from (j3.3p and Lemma [2.31 

(2) Let P be a half stationary product measure such that the shift is conservative and there is no 
a.c.i.p. 

One can show that we can choose a subsequence such that lim a„j, = and X^^^ a^^. = oo and 
then use standard techniques. 

Alternatively we can argue as follows: Since there is no a.c.i.p. then 



at = oo. 



n=l 

Therefore if 21 = {0} (lima„ = 0) then the odometer is of type IIIi by |DKQ[ Prop. 3.1.]. 
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Otherwise there is < a < 1 such that {0, a} C 21. It follows from the non-singularity condition 
([O]) that 

[0, a] C 2t. 

We show that e (r, log r') = R by showing that for every p G 2t\ { — 1,1}, 

log G e (r, log r ) , 

1 — p ^ 

so the set of essential values contains an interval. This will be done by establishing the conditions of 
|DKQ| Lemma 2.1]. 

Let p S 21 and a„j, > p. 

Let 

C = [c]1 := {xeX+ : Xi = a Vi G [l,n]} . 

be a cylinder set and write 

=Cn{xEX+ =0}. 
It follows from (|3.4p that for every /c G N such that nk > n, 

logr'^ ' 



Cn 



1 1 + flrife 

log' 



1 - an. 



Therefore 

(3.6) p+ ( cnT-2"'^C7n 



logr(2"'=)' = logi±^l') > P+(aj 



1 — a- 



P+ (C) . 



Given e > 0, we can choose k large enough such that 



and 



Then by (j3.6p we get 



log 



1 + flnfe 1 1 + P 
^ — log 

1 - On.fe 1 - P 



< e. 



logr^ ^ —log 

l-p 

Thus the conditions of [?, Lemma 2.1] are satisfied with 



< e 



> /3P+(C). 



7= I 0^,1,0 

nfc-l 



ON THE K PROPERTY FOR MAHARAM EXTENSIONS OF BERNOULLI SHIFTS AND A QUESTION OF KRENGBIL 

and 

Hence log is an essential value for logr'. 



□ 



Lemma 3.5. Let P he defined by (|3.ip . then 

'4){x) = logr'(a;), 
where Tp{x) is the tail-cocycle corresponding to ip = logT'. 



Proof. Since 
it follows that 



a^x = a^TX <^=^ n > (p{x) 



{x)-l 



This together with Theorem 13.11 and the fact that 

1 — Xfc, k < 4>{x) 



(™)a 



yields 



(^) r 



login 



log n 



Xk k > (j){x) 

Pk-<i>(x) (xk) I Pk-<t,{x) (1 - a^fc) 
Pk (Xk) I Pk (1 - 

Pk-4>(x) (xk) Pfc (1 - Xk) 



\ [Pk-(t>(x) (1 - a^fe) Pk{xk) 



Since for ah k < 0, Pk = (1/2, 1/2), 



we see that 



yjr ^ If \ Pk-4>(x) (Xk) 

yk < ^{x), '-f — = 1, 

^k-4,{x) U - Xk) 



V^(x) = log I n ^#7r^ I = log^'(^)- 



Pk (Xk) 



□ 
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Proof of Theorem \3.!l^ Since the Maharam extension T is the natural extension of a^, we need to 
show that is exact. 

The odometer r is the tail action of the shift a. It follows from Lemma [3.51 that. 

T{cr^) = TZ (riogr') • 

By Lemma [33] Tiog r' is ergodic ( r is type IIIi) and therefore is exact. □ 



4. Examples 

In [Kre| IHam| examples of conservative shifts were constructed without an a.c.i.p. It follows from 
Theorem [312] that the Maharam extension is K and that those shifts are of type IIIi. In these examples 
one has 

(4.1) lim P„(0) = J. 

We will give two more examples here. One of a dissipative half stationary shift with 

lim P„(0) = I 

n— i>oo Z 

which shows that (14. ID is not sufficient for conservativity. The other is a conservative half stationary 
product measure with 

liminfPfc(O) = -, limsupPfc(O) = -, 
Together those examples show that Lemma [3.41 1 is all we can say about limit points of a„. 

Remark 4.1. Michael Grewe in his Master thesis [ref: ] has constructed a different example of a 
dissipative shift with Pfe(O) — t- |. His method relies on the strong law of large numbers and an 
inductive construction. We include here a new example as the method of proof and the measure are 
more simple. 



4.1. Dissipative example. Define a product measure by 

Pn{0) = 

Since 



n<2 



( 2 2 ^ 

E (v^W-^^fWo)) +(\/JmT)-/fwi)) <oo, 

fc=0 
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the shift ({0, 1}^,P, T) is non singular. In addition 

^ r 2 2 ^ 

d{p,PoT^) > ^ H/f^- VPfc-n(o)) + (/fmi)-\/^Wi)) 

fc=0 



fc=2 

It follows from the Taylor expansion of \/l + x that 



Therefore there exists a constant C G M such that 

d{P,Po T") > (2V2 -l)^^ + C. 

k=2 

Since Y.l=2 I °^ ^og{n) and log p{P,Po T") (xd{P,Po T"), it follows that 

00 

J]p(p,Por")<oo. 

n=l 

By Lemma [2.31 the shift is dissipative. 

4.2. The "weird" conservative example. Given /c G N set 

fl + f , nG [0,2^-1] 
A(f^= 2-1^, nG [2^-1,2-2^-1] . 
[1, otherwise 

and let P^^^ be the product measure on X with factor measures 

1 + 

Our example of a conservative product measure with 

3 1 

limsupPfc(l) = - > - = liminf Pfc(l) 

consists of large intervals where Pk{0) is exactly ^ followed by large intervals of the form ^N, N + 2^^] 
where Pn(l) equals -P^*j'jY(l) (a slow increase to | followed by a small decrease back to ^). Then this 
segment is followed by a larger segment where Pfc(O) = ^ and so on. The main difficulty in showing 
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that 

is in showing that for some k' s we have N[k) such that 

- n ^ 

n=0 

on a set of positive measure. For that purpose we need the fohowing lemma which states that if k is 
large enough with respect to m then the derivatives of the shift under the measure P'^^'^ are bounded 
from below up to time m on a set of large measure. 

Lemma 4.2. Given m and t there exists a k such that 



PC^) (infr;;)H>e-2-') >l-2-*. 



Proof. It follows from [2] and the structure of P^'^Hhat for Z < 2^^ ^, 



iog(T&M) = login 

=0 \Wn) 



log n 



2k+l / . (fc) \ ^r, 

n=0 y-^ri / 



Y^w^ logAi'^i.-logAW 



n=0 



Using the fact that for every n < 2^ ^, 
and a rearrangement of the sum one has 

(4.2) log {t[,^{w)) = YnAl + fik, l){w), 

n=0 

where 



Yn,k,l ■■= (logAjfi; - logA^f)) {Wn+l - W2k_^) 

and 

fik,l)iw)=l Y +E+E 



in: 



-2fe-i n=0 n=2'=. 
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By a trivial bound 

(4.3) |/(A;,/)H| <3Zmax(logAj^,-logA«) < ^. 

To bound the first term notice that 

lEp(fc) {Yn,k,i) fx ^ and Varp{fe) (Yn^k,i) oc 
By independence of the Yn^k/^ we have 

Var Yl ^n,k}j « ^ « (^) « E || X; j • 

It follows from this equation, Equations (|4.3p . (|4.2p and Chebichev's inequality that if k is large 
enough relative to m and t then for every I < m, 



m 



The Lemma follows. □ 



Now we are ready to construct the product measure. 
Let P = ri Pfc where for A; < 0, 

P,(0) = Pfc(l) = i 

To define for positive k we choose inductively two subsequences {n^l^gp^ , {mt}^Q with 

< nt < iTik < nt+i 

and rriQ = 0. The factor measures will be fair coins for j S [rit, mt] and on the other segments we will 
choose them according to P^^^\ 

Definition of rit given mt^i and P|[mt_i,ni)- 

By Lemma [4.21 there exists kt such that 




Let rit = mt-\- 2^^* . Now for mf_i < j < tit set 

P . = p'^'^*) 

3 j-mt-i' 

Definition of nit given rit and Fl^^^^^^y. Let 

(4.4) mt = nj + 2"*. 
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For conclusion 

(I 



P,(1) = 1-P,(0) = <( 

The measure satisfies 



2' i < 

{kt) 
j-mt 

nt <j < mt 



P-""^ rnt-i<j<nt 



and 



liminfPfc(l) = - 
limsupPfc(l) = lim P„,_,+2fct-i (1) 

fc— >-oo fe— 5>oo 

= lim p('=*)2^-,-i(l) = ^. 
Proposition 4.3. The shift {X,B,F,T) is conservative and ergodic and type IIIi. 
Sketch of proof: The first step will be to show that if m < mt then 

^ ^ u=t 

where {^^{t)}^^ C X are random sequences which are independent of one another and for each t, 
w{t) is distributed as P^^*\ 

Then we will use Lemma [4.21 to bound T™' for m G [nt, nit) on a set of positive measure. This will 
give us that C 7^ which by a result of Grewe, see Lemma 15.11 yields X = C 

Lemma 4.4. For every nt < n < mt, 

^^=^"H= n n • n n 

\k=lu=m^,_i \l=t+lu=mi_i ^ 

Proof. This is a combination of the Theorem 13.11 2 and the fact that for every k ^ U^j^ [mt-i,nt), 

Pfc (wk) = \ G {0,1}. 
Note that we also used the fact that for every I > t, and n < mt 

mi-i - n> mi^i - ni^i > ni^i 
so the segments [m;_i,n;_i) do not overlap when we shift by n. □ 
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Proof of Proposition \4-3\ Set 

nt+i+k 



u=mt 



Pn {Wu) 



We have that Ai,A2,.- are independent and since 

nt+n 



n Cu-k [Wu) _ -TT i'^u-mt-n K'^u) _ / , x 



u=mt 



u=mt -^u-mt \"^u) 



and P\[mt,nt+i+n) = -P^'^*^l[o 2''t+n] have by Lemma and the choice of kt that 



Set A = DtAt. Then 



P(A)>n(l-e"*) >o. 



i=l 



For every < n < nit, I > t and € ^ we have 



j-j- Pn-fc (W„) ^ ^„2-' 



u=mi 



Pm (if^u) 



Applying the last inequality together with Lemma 14.41 we see that for w £ A and nt^i < n < rrit, 

/ t-l rik-l 



k=l u=mk-i 



nt 



2P„ iwu) 



3=1 



ITT 1 1/2^"' 



Therefore for every w £ A, 



oo mt 



n=l 



£=1 u=nt-i 



i=l 



(mt - nt-i 



oo. 



Here the last assertion follows from (|4.4|) . Thus A C (t. By Lemma (|5.ip the shift is conservative. 



□ 
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5. Apendix 

Here we give a proof of a result from [Grewe] . 

Lemma 5.1. [Grewe] Let P he a product measure on X. Then if the factor measures are hounded 
away from and 1 (e.g. 3p > s.t. \/k £ Tj, p < Pfc(O) < 1 — p) then the shift {X,P,T) is either 
conservative or dissipative. 

Proof. The condition on the factor measures ensures that for every k £ Z, wi, xi £ {0, 1} 

. / p l-p\ Pk (xi) _i 

c := mm , < — - < c . 

\l-p p J Pk{wi) 

This means that ii x,vu £ {0, 1}^ defer in only finitely many coordinates then there exists M > s.t 



i-r"'(x) < r"'(«;) = ft < Mr"'(x). 



Therefore 

oo oo 

^r"'H = oo 4^ ^T"'(x) = oo 

n=l n=l 

and so the conservative and the dissipative parts are in 

where J-n is the sub sigma algebra generated by {wk ■ \k\ > n}. By the Zero One Law (t = X or 
S = X. □ 
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